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We have investigated the Josephson coupling between two s-wave superconductors separated by
the ferromagnetic trilayers with noncollinear magnetization. We find that the long-range triplet
critical current will oscillate with the strength of the exchange field and the thickness of the interface
layer, when the interface magnetizations are orthogonal to the central magnetization. This feature is
induced by the spatial oscillations of the spin-triplet state |↑↓〉+|↓↑〉 in the interface layer. Moreover,
the critical current can exhibit a characteristic nonmonotonic behavior, when the misalignment angle
between interface magnetization and central ferromagnet increases from 0 to pi/2. This peculiar
behavior will take place under the condition that the original state of the junction with the parallel
magnetizations is the pi state.
PACS numbers: 74.78.Fk, 73.40.-c, 74.50.+r, 73.63.-b
I. INTRODUCTION
The interplay between ferromagnetism and supercon-
ductivity in hybrid structures has recently attracted con-
siderable attention because of the underlying rich physics
and potential applications in spintronics1,2. In a homo-
geneous ferromagnet (F) adjacent to an s-wave supercon-
ductor (S), the Cooper pairs, in which two electrons have
opposite spins and momenta (k↑,−k↓), can penetrate
into the F a short-range. In this case, superconduct-
ing correlations between pairs of electrons are induced
in both the spin-singlet component |↑↓〉-|↓↑〉 (afterwards,
the normalizing factor 1/
√
2 is omitted for brevity) and
the spin-triplet component |↑↓〉+|↓↑〉 with zero spin pro-
jection along the magnetization axis. Accordingly, an
opposite-spin Cooper pair |↑↓〉 acquires the total momen-
tum Q or −Q inside the ferromagnet as a response to
the exchange splitting 2h0 between the spin up and spin
down bands3. Here Q≃2h0/~vF , where vF is the Fermi
velocity. The resulting state is a mixture of singlet com-
ponent and triplet component with zero total spin projec-
tion: (|↑↓〉-|↓↑〉)cos(Q·R)+i·(|↑↓〉+|↓↑〉)sin(Q·R). These
two components oscillate in F with the same period but
their phases differ by π/2.
In contrast, more interesting the long-range triplet
component with parallel electron spins can be induced
by the noncollinear magnetic configuration4–6. This com-
ponent penetrates into the ferromagnet over a large dis-
tance, which can be on the order of the normal metal
coherence length ξN in some cases. The reason is that
the component with parallel spins is not as sensitive to
the exchange field as the opposite-spin component. In or-
der to observe this effect, Houzet et al.7 suggests measur-
ing the critical current in a Josephson junction through
a ferromagnetic trilayers with noncollinear magnetiza-
tions. In this geometry, the interface magnetization is in
a different direction with the central F layer. This non-
collinear magnetic configuration leads to spin-flip scatter-
ing processes at the interfaces. It can convert the triplet
pairs |↑↓〉+|↓↑〉 into the equal-spin pairs |↑↑〉 or |↓↓〉, and
that equal-spin pairs may propagate coherently over long
distances into the central F layer. A maximal critical cur-
rent is obtained when the interface layers have a thick-
ness comparable to the ferromagnetic coherence length
ξF , and the magnetizations in successive layers are or-
thogonal. Moreover, Alidoust et al.8 replace the interface
homogeneous F layers with the spiral ferromagnetic lay-
ers and domainwall ferromagnets. They find a synthesis
of 0-π oscillations with superimposed rapid oscillations
when varying the width of the interface layer. Indeed,
many recent experiments have measured a strong en-
hancement of the long-range Josephson current through
a ferromagnetic multilayer with noncollinear magnetiza-
tions9–11. Theoretically, Hikino et al.12 shows that the
long-range spin current can be driven by the supercon-
ducting phase difference in a Josephson junction with
double layer ferromagnets. Such spin current carried by
the spin-triple Cooper pairs exhibits long-range propaga-
tion in the F even when the Josephson charge current is
practically zeros.
In this paper, we adopt Blonder, Tinkham, and Klap-
wijk (BTK) approach13 and Bogoliubov’s self-consistent
field method14 to study the critical Josephson current
in clean S/F1/F2/F3/S junction with noncollinear mag-
netization. We propose that the long-range triplet crit-
ical current can be modulated by varying the strength
of exchange field and thickness of interface ferromagnet,
when the interface magnetizations are orthogonal to the
central magnetization. This feature is induced by the
spatial oscillation of the triplet state |↑↓〉+|↓↑〉 in the
interface region. In addition, the critical current mani-
fests a characteristic nonmonotonic behavior, when the
misalignment angle between interface magnetization and
central ferromagnet changes from 0 to π/2. This pecu-
liar behavior will appear when the π state is the original
state of the junction on condition that the ferromagnetic
trilayers have the parallel magnetizations.
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FIG. 1. (color online) Schematic illustration of the
S/F1/F2/F3/S junction. The magnetization vectors lie in the
x-z plane and three arrows indicate the direction of magneti-
zations in F1, F2 and F3. The phase difference between the
two s-wave Ss is ϕ=φR−φL.
II. MODEL AND FORMULA
We study a clean Josephson junction formed of two
s-wave Ss contacted through three F layers with non-
collinear magnetization (see fig. 1). For convenience, we
denote the three ferromagnetic layers sequentially by F1,
F2 and F3. The three F layers have the thickness L1,
L2, L3, and the exchange field h1, h2, h3. The transport
direction is along the y axis, and the system is assumed
to be infinite in the x-z plane.
The BCS mean-field effective Hamiltonian1,14 is
Heff =
∫
d~r{
∑
α˜
ψ†α˜(~r)Heψα˜(~r) +
1
2
[
∑
α˜,β˜
(iσy)α˜β˜∆(~r)
ψ†α˜(~r)ψ
†
β˜
(~r) +H.C.] −
∑
α˜,β˜
ψ†α˜(~r)(
~h · ~σ)α˜β˜ψβ˜(~r)},
(1)
where He = −∇2/2m − EF , ψ†α˜(~r) and ψα˜(~r) are cre-
ation and annihilation operators with spin α˜. ~σ is the
Pauli matrices, m is the effective mass of the quasi-
particles in both Ss and Fs, and EF is the Fermi en-
ergy. The superconducting gap is denoted by ∆(~r) =
∆(T )[eiφLΘ(−y)+ eiφRΘ(y−LF )] with LF = L1+L2+
L3. Here, ∆(T ) accounts for the temperature-dependent
energy gap that satisfies the BCS relation ∆(T ) =
∆0tanh(1.74
√
Tc/T − 1) with Tc the critical tempera-
ture of the Ss. φL(R) is the phase of the left (right) S
and Θ(y) is the unit step function. The exchange field ~h
due to the ferromagnetic magnetizations in the Fi (i=1,
2, 3) layers is described by ~h = hi(sinαieˆx + cosαieˆz),
where αi is the polar angle of the magnetization, and
eˆx(z) is the unit vector along the x (z ) direction.
By using the Bogoliubov transformation ψα˜(~r) =∑
n[unα˜(~r)γˆn + v
∗
nα˜(~r)γˆ
†
n] and the anticommutation re-
lations of the quasiparticle annihilation and creation op-
erators γˆn and γˆ
†
n, we have the Bogoliubov-de Gennes
(BdG) equation1,14,
H˘Ψ(~r) = EΨ(~r), (2)
where
H˘ =
(
Hˆ(~r) ∆ˆ(~r)
−∆ˆ∗(~r) −Hˆ(~r)
)
,
Hˆ(~r)=He1ˆ−hz(~r)σˆz−hx(~r)σˆx and ∆ˆ(~r)=i∆(~r)σˆy. Here,
1ˆ is the unity matrix, Ψ(~r)=(u↑(~r),u↓(~r),v↑(~r),v↓(~r))
T is
four-component wave function. The BdG equation can
be solved for each superconductor lead and each ferro-
magnetic layer, respectively. We can have four differ-
ent incoming quasiparticles, electronlike quasiparticles
(ELQs) and holelike quasiparticles (HLQs) with spin up
and spin down. For an incident spin-up electron in the
left superconductor, the wave function is
ΨSL(y) = [ue
iφL/2, 0, 0, ve−iφL/2]T eikey
+ a1[ve
iφL/2, 0, 0, ue−iφL/2]T eikhy
+ b1[ue
iφL/2, 0, 0, ve−iφL/2]T e−ikey
+ a′1[0,−veiφL/2, ue−iφL/2, 0]T eikhy
+ b′1[0, ue
iφL/2,−ve−iφL/2, 0]T e−ikey.
(3)
In this process, the coefficients b1, b
′
1, a
′
1, and a1 describe
normal reflection, the normal reflection with spin-flip,
novel Andreev reflection, and usual Andreev reflection,
respectively. We note that the momentum parallel to
the interface is conserved for these processes.
The corresponding wave function in the right super-
conductor is
ΨSR(y) = c1[ue
iφR/2, 0, 0, ve−iφR/2]T eikey
+ d1[ve
iφR/2, 0, 0, ue−iφR/2]T e−ikhy
+ c′1[0, ue
iφR/2,−ve−iφR/2, 0]T eikey
+ d′1[0,−veiφR/2, ue−iφR/2, 0]T e−ikhy,
(4)
where c1, d1, c
′
1, d
′
1 are the transmission coefficients, cor-
responding to the reflection processes described above.
The coherence factors are defined as usual, u =√
(1 + Ω/E)/2, v =
√
(1 − Ω/E)/2 and Ω = √E2 −∆2.
ke(h) =
√
2m[EF + (−)Ω]/~2 − k2‖ are the perpendicular
components of the wavevectors with k‖ as the parallel
component.
The wave function in the Fi layers can be described by
transformation matrix15 as
ΨFi (y) = Ti{[e · exp(ike↑Fiy) + f · exp(−ike↑Fiy)]eˆ1
+ [e′ · exp(ike↓Fiy) + f ′ · exp(−ike↓Fiy)]eˆ2
+ [g · exp(−ikh↑Fiy) + h · exp(ikh↑Fiy)]eˆ3
+ [g′ · exp(−ikh↓Fiy) + h′ · exp(ikh↓Fiy)]eˆ4}.
(5)
Here eˆ1 = [1, 0, 0, 0]
T , eˆ2 = [0, 1, 0, 0]
T , eˆ3 = [0, 0, 1, 0]
T ,
eˆ4 = [0, 0, 0, 1]
T are basis wave functions, and k
e(h)σ
Fi =
3√
2m[EF + (−)E + ρσhi]/~2 − k2‖ with ρ↑(↓)=1(−1) are
the perpendicular components of wave vectors for ELQs
and HLQs. The transformation matrix is defined as Ti =
1ˆ⊗(cosαi2 ·1ˆ−i·sinαi2 ·σˆy). All scattering coefficients can
be determined by solving wave functions at the interfaces.
ΨSL(0) = Ψ
F
1 (0), ∂y[ψ
F
1 − ψSL]|y=0 = 2kFZ1ψF1 (0); (6)
ΨFi−1(yi−1) = Ψ
F
i (yi−1),
∂y[ψ
F
i − ψFi−1]|y=yi−1 = 2kFZiψFi (yi−1);
(7)
ΨSR(LF ) = Ψ
F
3 (LF ), ∂y[ψ
S
R−ψF3 ]|y=LF = 2kFZ4ψSR(LF ).
(8)
Where Z1∼Z4 are dimensionless parameters describing
the magnitude of the interfacial resistances. yi is local
coordinate value at the Fi/Fi+1 interface, and kF =√
2mEF is the Fermi wave vector. From the bound-
ary conditions, we obtain a system of linear equations
that yield the scattering coefficients. With the scatter-
ing coefficients at hand, we can use the finite-temperature
Green’s function formalism16–18 to calculate dc Joseph-
son current,
Ie(ϕ) =
kBTe∆
4~
∑
k‖
∑
ωn
ke(ωn) + kh(ωn)
Ωn
·
[
a1(ωn, ϕ)− a2(ωn, ϕ)
ke
+
a3(ωn, ϕ)− a4(ωn, ϕ)
kh
],
(9)
where ωn = πkBT (2n + 1) is the Matsubara frequen-
cies with n=0, 1, 2,... and Ωn=
√
ω2n +∆
2(T ). ke(ωn),
kh(ωn), and aj(ωn, ϕ) with j=1, 2, 3, 4 are obtained from
ke, kh, and aj by analytic continuationE → iωn. We find
the critical current from Ic = Maxϕ|Ie(ϕ)|.
The above results for Josephson current in the clean
limit are obtained in the stepwise approximation for the
pair potential. To obtain the time dependent triplet
amplitude functions and the local density of the states
(LDOS), we solve the BdG equation (2) by Bogoliubov’s
self-consistent field method14,19–21. We put the junction
in a one dimensional square potential well with infinitely
high walls. Accordingly, the solution in equation (2)
can be expanded a set of basis vectors of the stationary
states22, uσ(~r)=
∑
q u
σ
q ζq(y) and vσ(~r)=
∑
q v
σ
q ζq(y) with
ζq(y)=
√
2/Ldsin(qπy/Ld). Here q is a positive integer,
and Ld = LS1 + LF + LS2, LS1 and LS2 are thickness
of left and right superconductors, respectively. The BdG
equation (2) is solved iteratively together with the self-
consistency condition 14
∆(y) =
g(y)
2
∑
0≤E≤ωD
[u↑(y)v
∗
↓(y)−u↓(y)v∗↑(y)]tanh(
E
2kBT
),
(10)
where ωD is the Debye cutoff energy and the effective
attractive coupling g(y) is a constant in the supercon-
ductor and can vanish outside of it. Iterations are not
performed until self-consistency is reached, starting from
the stepwise approximation for the pair potential. The
amplitudes of the triplet pair are defined as follows20,21
f0(y, t) =
1
2
∑
E>0
[u↑(y)v
∗
↓(y) + u↓(y)v
∗
↑(y)]S(t), (11)
f1(y, t) =
1
2
∑
E>0
[u↑(y)v
∗
↑(y)− u↓(y)v∗↓(y)]S(t), (12)
where S(t) = cos(Et) − isin(Et)tanh(E/2kBT ). Ad-
ditionally, the singlet pair amplitude writes as f3 ≡
∆(y)/g(y). The above singlet and triplet pair amplitudes
are all normalized to the value of the singlet pairing am-
plitude in a bulk S material. The LDOS is given by
N(y, ε) = −
∑
α˜
[u2α˜(y)f
′(ε−E) + v2α˜(y)f ′(ε+E)], (13)
where f ′(ε) = ∂f/∂ε is the derivative of the Fermi func-
tion. The LDOS is normalized by its value at ε = 3∆0
beyond which the LDOS is almost constant.
III. RESULTS AND DISCUSSIONS
In BTK approach, we will use the superconduct-
ing gap ∆0 as the unit of energy. The Fermi energy
is EF=1000∆0, the interface transparency is Z1−4=0,
and T/Tc=0.1. We fix the thickness of the F2 layer
kFL2=200, the exchange field h2/EF=0.6, and the mag-
netization direction along the z direction that equiva-
lents to α2=0. Interface layers F1 and F3 have the same
features, such as misalignment angles α1=α3, thickness
L1=L3, and exchange field h1=h3. In self-consistent field
method, we consider the low temperature limit and take
kFLS1=kFLS2=400, ωD/EF=0.1, the other parameters
are the same as the ones mentioned above.
Fig. 2(a) shows that the critical current is a function
of exchange field h1 for the misalignment angles α1=π/2.
We find that, for the thin interface layer kFL1=2, the
critical current Ic only has one peak at exchange field
h1/EF=0.4. With the increase of the thickness L1, the
maximum of critical current will gradually move to the
left. For the thick interface layer kFL1=6 and 8, the
critical current Ic will display an oscillating behavior as
a function of the exchange field h1. The oscillation fre-
quency of critical current Ic can increase with thickness
L1. Furthermore, for a fixed exchange field h1, the criti-
cal current can display the same oscillatory behavior with
the change of the thickness L1 (see fig. 2(b)). Especially,
for weak exchange field h1/EF=0.2 (blue dashed line in
fig. 2(b)), the critical current Ic increases rapidly and
reaches a threshold at kFL1=3, then slowly increases to
maximum value at kFL1=6. Subsequently, the current
will decrease at the thicknes kFL1>6. This conclusion is
well consistent with the recent work by Khaire et al.10
and Khasawneh et al.23.
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FIG. 2. (Color online) Critical current (a) as a function of
the exchange field h1 for different thicknesses L1 and (b) as
a function of the thickness L1 for different exchange fields h1
with α1=pi/2.
We attribute the above behavior of critical current to
two important phenomena at the interface layers24,25:
spin mixing and spin-flip scattering process. The ex-
change splitting in the interface layers F1 will lead to
a modulation of the pair amplitude with Q · R. The re-
sulting state is mixture of spin singlet and triplet state
with Sz=0. When F1 is magnetized in the same direc-
tion as F2 (here, the z -axis), the spin singlet and triplet
state projected along the z -axis, such as (|↑↓〉-|↓↑〉)z and
(|↑↓〉+|↓↑〉)z, can undergo damped oscillations and pen-
etrate into F2 a short-range. Moreover, if the interface
magnetic moment in F1 deviates from the direction of
bulk magnetization in F2, this misalignment of the inter-
face moment can lead to spin-flip scattering processes at
the interfaces layers. The processes can be described as
follows3: as shown in fig. 1, the interface layer F1 magne-
tized in the x -direction will generate opposite-spin pairs
with respect to the x -axis (|↑↓〉+|↓↑〉)x. Such a state is
equivalent to a combination of equal spin pairs. This
pairs projected along the z -axis (|↑↑〉-|↓↓〉)z can propa-
gate over a long distance into F2. Thus, we can get the
following conclusion: long-range triplet Josephson cur-
rent can modulated by (|↑↓〉+|↓↑〉)x with frequency Q ·R.
Therefore, for thin R (such as kFL1=2 and kFL1=4
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FIG. 3. (Color online) The real part of triplet pair ampli-
tude f0 (a) and f1 (b) plotted as a function of the position
kF y for different exchange field h1. Here kFL1=6, α1=pi/2
and t/ωD=10. The inset in (b) is the normalized LDOS at
kF y=30, which is calculate at kBT = 0.001. Two panels uti-
lize the same legend.
in fig. 2(a)), the relationship Q · R<π is always satisfied
with the increase of exchange field h1. In this process,
the spin-triplet state f0 in F1 will experience only one
oscillation, and the critical current has only one peak.
For thick R (see kFL1=6 and kFL1=8 in fig. 2(a)), Q ·
R will undergo many more 0−π transitions, and the f0
in F1 has two such wobbles, or more. Then these 0−π
transitions in the phase of f0 will lead to more peaks
in the critical current. Similarly, if the h1 is fixed and
changes the L1, we can obtain the same conclusions (see
fig. 2(b)).
To understanding the above essential physical pro-
cesses, the spatial distributions of spin-triplet state are
calculated in Fig. 3. The results show the real part of
f0 and f1 for several particular exchange field h1/EF=0,
0.16, 0.45, and 0.62. These exchange field correspond
to the point A, B, C and D in fig. 2(a), respectively.
For h1/EF=0, the interface layer F1 is the normal-metal,
then the spin-split and spin-flip do not exist. At this mo-
ment, the maximum of f0 occurs close to the interface
between F1 and F2 at site kF y=6 (black dashed line in
fig. 3(a)). Then f0 undergoes a damped oscillations in
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FIG. 4. (Color online) Critical current as a function of mis-
alignment angle α1 (a) for different exchange field h1 when
thickness kFL1=6 and (b) for different thickness L1 when ex-
change field h1/EF=0.5.
F2, and can only penetrate a short-range. Meanwhile, f1
does’t survive in F2 (black dashed line in fig. 3(b)). As a
result, the critical current is almost 0. For h1/EF=0.16,
f0 oscillates in F1 and reaches the negative maximum
near the interface. In this case, f0 projects along the x -
axis due to F1 magnetized in the x -direction. Such f0
can be converted into the equal-spin state f1, which pen-
etrates over a long distance into F2 (see blue solid line in
fig. 3(b)). Eventually, the maximal critical current can be
obtained. For h1/EF=0.45, f0 oscillates and reaches to 0
when it gets close to the interface (green dash-dotted line
in fig. 3(a)). Accordingly, the amplitude of f1 converted
from the f0 is small enough, and the critical current can
be decreased. For h1/EF=0.62, f0 retunes to positive
amplitude, which can produce a positive spatial distribu-
tions of f1. Consequently, the critical current will come
back to a larger value. The above changes of the critical
current can be also displayed by the LDOS, which is illus-
trated in the inset of fig. 3(b). For h1/EF=0.16 and 0.62
(correspond to the point B and D in fig. 2(a)), the LDOS
shows a sharp zero energy conductance peak (ZECP),
which represents the long-range f1 is large enough. When
h1/EF=0 and 0.45 (correspond to the point A and C in
fig. 2(a)), the ZECP will disappear, which illustrates the
f1 doesn’t exist or is very small.
In the following, we will discuss how critical current
changes with the misalignment angle α1. We have dis-
played the critical current Ic change with the misalign-
ment angle α1 for different exchange fields h1 when thick-
ness kFL1=6 in fig. 4(a). For h1/EF=0.05, 0.1 and 0.2,
the current is a monotonous function of the misalignment
angle α1. However, for h1/EF=0.3 and 0.4, the current
exhibits a nonmonotonic behavior with the increase of
the misalignment angle α1, where the minimum occurs
at some intermediate value and the maximum nearly at
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FIG. 5. (Color online) The singlet pair amplitude f3 (a) and
the real part of triplet pair amplitude f0 (b) plotted as a
function of position kF y for different h1. Here kFL1=6, α1=0,
and t/ωD=10. Two panels utilize the same legend.
α1=π/2. This can be analyzed by the explanation of
ref.26. The above behavior of critical current is deter-
mined by the original phase of junction when the mis-
alignment angle α1=0. For a particular exchange field
h∗, the 0−π transition takes place in the junction just at
the given thickness kFL1=6. Hence, for h1>h
∗ the orig-
inal state of the junction with α1=0 is the π state, while
for h1<h
∗ it is the 0 state. If one doesn’t take absolute
value for Ie(ϕ) to define the critical current Ic, then Ic is
all negative and monotonously decrease when α1 changes
from 0 to π/2. In this case, the original state of the junc-
tion is the 0 state. However, if the original state is π
state, the Ic will decrease from a positive quantity to a
negative one and reach the negative maximum nearly at
the α1=π/2, then the nonmonotonic behavior mentioned
beforehand would transform into monotonic, accompa-
nying with the change of sign.
To further illustrate this behavior, we plot f3 and the
real part of f0 at α1=0 and kFL1=6. In fig. 5(a), we
display the spatial distributions of f3 for four different
values of exchange field h1. With the increase of the
exchange field h1, the oscillations of f3 gradually move
to the left. At last, their pattern configuration in F2
range would be reversed at h1/EF∼0.3-0.4. As shown in
6fig. 5(b), f0 has the same behaviors. All of these reversals
predict the 0-π transition takes place with the increase of
exchange field h1. Particularly, the above nonmontonic
behavior about the critical current Ic has been observed
by Klose et al.11 and Wang et al.27. They apply a large
magnetic field to rotate the interface magnetization. As
for low fields, a shallow dip can be found in Ic. In addi-
tion, fig. 4(b) shows that the critical current Ic changes
with the misalignment angles α1 for different thickness
L1 at fixed exchange field h1. This behavior is same as
fig. 4(a).
IV. CONCLUSION
In this article, we have calculated the Josephson cur-
rent by BTK approach in clean S/F1/F2/F3/S junctions
with noncollinear magnetization. Moreove, to demon-
strate changes of the critical current, we also study the
singlet and triplet pair amplitude and the local den-
sity of states in ferromagnets by using Bogoliubov’s self-
consistent method. We have shown that the dependence
long-range triplet critical current with the strength of ex-
change field and thickness of the interface layers shows
an oscillatory behavior, when the interface magnetiza-
tions are orthogonal to the central magnetization. This
change of the critical current is induced by the oscilla-
tions of (|↑↓〉+|↓↑〉)x with frequency Q · R. In addition,
when the orientations of the magnetizations in interface
layers rotate from z -axis to x -axis, the critical current
always exhibits a nonmonotic behavior. We have dis-
cussed the condition for this effect to be observed under
the condition that the original state of the junction with
the parallel magnetizations is the π state.
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